The twistor superstring, which describes N=4 super Yang-Mills trees, is taken off-shell (for loops) by generalizing Penrose twistors (which describe on-shell momenta) to Atiyah-Drinfel'd-Hitchin-Manin twistors (which include the usual spacetime coordinates). The resulting string is then shown to be the tensionless limit of a Quantum ChromoDynamics-like superstring.
Introduction
Strings were invented for hadrons. As defined by Dolen-Horn-Schmid duality, strings naturally describe bound states as a consequence of their Regge behavior, and so might describe hadrons as bound states of quarks and gluons without using the quark and gluon fields themselves explicitly. Unfortunately, no calculable string theory was found to serve that purpose, so string theory got sidetracked into describing fundamental particles, like quarks and gluons. Apparently, in this picture hadronic strings are thus bound states of partonic strings, which are in turn bound states of preons, ... . Alternatively, one might interpret the graviton on the same level as hadrons. In fact, all observed particles (at least in Grand Unified Theories) can be considered as bound states: electroweak states already at the classical level, by binding with Higgs fields (for invariance with respect to electroweak gauge invariances); strong states by confinement; and the (super)graviton to preserve renormalizability. Such a possibility is hinted at by the Anti-de Sitter/Conformal Field Theory correspondence.
A related matter is the scarcity of strings that are naturally (or "critically") four dimensional. This contradicts expectations from Quantum ChromoDynamics, since confinement has critical dimension 4, and thus so should hadronic strings. Of the calculable strings, the only four-dimensional ones are those that are not really strings at all: strings with local N=2 [1] or 4 [2] worldsheet supersymmetry, and twistor superstrings [3] [4] [5] [6] . The latter are not dual, while the former maintain duality only trivially, having vanishing S-matrices [7] .
An action for a bosonic string with dimension 4 was proposed [8] based on the use of random lattice quantization of the worldsheet [9] , corresponding to bound states in wrong-sign φ 4 theory. Although the relation of this string to the underlying Feynman diagrams was clear, the method of quantization of the string itself wasn't; i.e., confinement was not demonstrated (which was perhaps just as well for a bosonic theory). The main distinction of this "QCD-like" string from other string theories is that it exhibits power behavior (instead of exponential) at large transverse momenta by construction, since its partons have normal propagators instead of the Gaussian ones in other strings.
Twistor strings originated with Nair [3] , who proposed a 2D conformal field theory approach to the twistor expressions (as originally found in the spinor helicity formalism [10] ) for Maximally Helicity Violating diagrams in Yang-Mills theory (and QCD) [11] , extending the results to a supertwistor version for N=4 super Yang-Mills theory. Meanwhile it was found that the selfdual theories described by N=2 worldsheet supersymmetric strings (and the equivalent N=4 theories) required maximal spacetime supersymmetry to solve various other problems [12] . Since the spacecone gauge formulation of (super) Yang-Mills theory (and QCD) [13] , which incorporated spinor helicity methods directly into the action (by reducing fields to "scalars" of particular helicities), explicitly included separate selfdual and nonselfdual vertices, it suggested a perturbation about selfdual string theories to describe non-selfdual field theories [14] . Such an approach was achieved by Witten [4] , who extended Nair's formalism to include non-MHV amplitudes by the use of Dirichlet-branes. An explicit recipe for the non-MHV amplitudes in this language was then given by Roiban, Spradlin, and Volovich [5] . A simpler formulation was given by Berkovits, who replaced the D-branes with U(1) worldsheet instantons [6] .
In this paper we examine twistor superstrings, and solve their two major shortcomings: (1) They have only (super)twistors as variables, not the usual spacetime coordinates. Hence they do not seem capable of describing physics off shell. This makes it doubtful that they can be useful for loop graphs. (However, lightcone formalisms are similar, in that p − is eliminated as an independent variable, and it may be possible to apply corresponding methods to twistors.) Related problems are the description of instantons (also difficult in lightcone formalisms), avoidance of infrared singularities, and a simple description of the fundamental principle of locality. We will solve these problems by showing the Penrose [15] (super [16] )twistors of the twistor superstring can be obtained by solving constraints for and gauge fixing a twistor superstring whose variables are (super [18] )twistors, the kind used to describe instantons in position space. (2) They aren't strings. Although they can be applied to N=4 super (and ordinary) Yang-Mills, it would be nice to have an actual 4D string. We propose a solution to this problem by showing the ADHM superstring is a tensionless limit [19] of a true superstring, a QCD-like string. (We do not address the problem of its first-quantization here.)
On the random lattice it yields the Feynman diagrams of a superparticle similar to the one described by the tensionless limit, i.e., N=4 super Yang-Mills in an ADHM formulation.
In the next section we review the twistor superstring, adding some comments. In the following section we review ADHM supertwistors and apply them to generalize the twistor superstring to a form that includes spacetime coordinates; the usual twistor superstring follows directly from solving constraints (in a manner similar to, but simpler than, lightcone approaches to standard strings). The next section reviews the random lattice, tensionless limits, and QCD-like strings, and gives the QCD-like superstring whose tensionless limit is the ADHM twistor superstring. Finally, we summarize and list some avenues of further research.
Twistor superstring
The major ingredients in the twistor superstring are: (1) supertwistors as 2D conformal fields, in place of the usual X, (2) a current that carries the indices of the Yang-Mills group, but is also responsible for the denominators of MHV amplitudes, and (3) U(1) worldsheet instantons (or the equivalent D-branes), which produce the helicity expansion about the selfdual theory.
One way to understand Penrose twistors is as a covariant solution to the massshell condition in the massless case: In van der Waerden 2-component notation for Weyl spinors,
where λ is a commuting Weyl spinor ("twistor"),λ its complex conjugate, and ± is for the positive-and negative-energy solutions. One problem with formalisms where twistors are introduced ab initio is the loss of this sign; for example, first-quantization can result in a positive-energy propagator rather than the usual Stückelberg-Feynman propagator. However, it might be possible to solve this problem by Wick rotation from spacetime with signature (− − ++), where λ andλ are real and independent (SO(2,2)=SL(2,R) 2 ).
There is an invariance introduced by this solution, namely
This U(1) transformation is a helicity transformation: Picking a twistor corresponds to choosing a lightlike frame, with helicity the little group. The phase is replaced by a real scale for the (− − ++) case. For the rest of this paper we will mostly ignore such distinctions of Wick rotations; for spacetime symmetries we will use Unitary groups interchangeably with General Linear ones.
Another way to understand twistors, useful especially for extension to supersymmetry, is as the defining representation of the 4D conformal group SU(2,2); i.e., as the spinor representation of SO (4, 2) . We quantize by identifying the complex conjugate spinor as also the canonical conjugate,
BA where η is the U(2,2|N) metric, A = (α, . α, a) is a U(2,2|N) index, and we have already generalized to the superconformal case. The U(2,2|N) generators for this representation are simply
from which we factor the superconformal group SU(2,2|N), the remaining U(1) generator being the (super)helicity
The previous definition of twistors follows by recognizing momentum as some of these generators. (λ is not canonically conjugate to λ, because η is off-diagonal in the basis where Lorentz invariance is manifest.) Some may be familiar with Schwinger's analogous construction of representations of SU (2) with bosonic creation and annihilation operators [20] , the U(1) generator being the spin itself, not its square. Equivalently, Λ andΛ are creation and annihilation operators, and we work with a coherent-state basis.
In Berkovits' formulation the twistor superstring action is
where ∇ − is the "−" (or "z") component of the worldsheet derivative, covariantized with respect to 2D coordinate and U(1) gauge transformations, and L Y M is the action for the Yang-Mills symmetry current, which we will not modify, and does not couple to the U(1). (It can be represented, for example, as a fermionic U(n) current [21] .) The U(1) gauge field thus acts as a Lagrange multiplier to enforce the constraint of the superhelicity to zero; for N=4 supersymmetry, this lowest spin (helicity) multiplet is super Yang-Mills. Because everything is chiral, there are only massless states. (The usual massive states of string theory require an X that has a propagator with itself, so that e ik·X has nontrivial conformal weight.)
Contrary to Berkovits, we interpret this action as a closed-string action; at this point this is semantics: Berkovits introduced left-and right-handed modes that matched at boundaries; but the boundaries played no role in the theory. However, the closed-string interpretation will be more natural when we discuss its derivation from an ADHM twistor superstring, where X appears explicitly: We do not want a separate X L and X R . This distinction will be even more pronounced when the ADHM superstring is derived as the tensionless limit of a QCD-like string: There X appears quadratically, so the usual string interpretation is unavoidable, and such a doubling is undesirable.
Since only left-handed modes exist, vertex operators for this closed string resemble open-string vertex operators:
where φ(Λ) is the wave function (whose usual twistor argument has been replaced with the 2D twistor field) and j is the Yang-Mills symmetry current; both carry symmetry indices, which we have suppressed, contracted between the two. We will ignore the contributions of ghosts in this paper.
The U(1) gauge field is analogous to the worldsheet metric: Although it is formally gauged away in a conformal gauge, it has topological contributions. Just as the Lorentz connection gauges two symmetries, local Lorentz and local Weyl scale, so the U(1) gauge field gauges left and right U(1)'s with its left and right components. (For the Lorentz connection, these are scale ± Lorentz.) But the conformal gauge cannot be maintained globally, since the Euler number is gauge invariant, so the worldsheet curvature winds up concentrated at the interaction points or vertex insertions. For 2D fields with unphysical conformal weight, like worldsheet ghosts, this produces the familiar ghost insertions of string field theory. For the U(1) gauge field, the Euler number is replaced with worldsheet "instanton" number [22] , and insertions are produced for 2D fields with nonvanishing U(1) charge. In general, these insertions take the form of δ functions (although for fermions, this is just the fermion itself). In this case there is an insertion of
for each anti -selfdual vertex, and no insertion for the selfdual ones. In string field theory z is at the usual midpoint, but because the insertion is BRST invariant (if we had included the ghost contribution) it can be moved about freely on the worldsheet when evaluating S-matrices. In the conformal field theory calculation it is convenient to put them all at the same point, conventionally z = ∞. Because of the equal number of bosons and fermions for N=4, there is no singularity on their coincidence:
since the bosons contribute 1/ǫ's while the fermions contribute ǫ's. Such δ insertions also appear in the lightcone superfield theory of N=4 super Yang-Mills, where fermionic insertions for the antiselfdual vertex compensate for the fact that it is naturally written as an integral overθ rather than θ [23] . (Similar remarks apply to the lightcone superfield theory of the 10D superstring: There the vertex insertion is the sum of a term with no fermions, a term with 4 fermions, and a term with 2 fermions that involves momenta in the 6 directions not included in D=4 [24] .)
Matrix elements for the n-point function are then of the form
where the 1/(z i − z i+1 )'s are from the Yang-Mills symmetry currents, and the wave functions φ i are implicitly cyclically ordered and traced with respect to those symmetry indices. (There is also a modding out by a GL (2) that consists of the usual SL (2) for the open string and a similar global mode for the U(1). The iǫ prescription of the 2D 1/z propagators becomes that for the 4D 1/p 2 internal propagators when the z integration identifies the z's with twistors.) The U(1) instanton number is m, and the product of m insertions produces progressively higher derivatives ofΛ as above.
The wave functions satisfy the on-shell condition
The conformal weight of Λ in "flat" 2D space is 0, so that forΛ is 1. This is affected by the U(1) instantons, but this is automatic when the instantons are implemented as insertions.
Evaluation of the matrix element involves 2D propagators between Λ andΛ, and can proceed in either of two ways, but usually as a combination: For each SU(2,2|4) component of Λ, we expand the wave function in either a Λ basis or aΛ basis, by Fourier transformation:
where Λ(z i ) is the 2D field, and Λ i andΛ i are dummy variables, arguments of φ's that are now just wave functions, not vertex operators. (The Fourier transform form is the standard way vertex operators are evaluated as functions of X(z,z).) If the Fourier transform form is used, the δ 8m insertion is left as is; otherwise, it is written as a Fourier transform
and similarly for derivatives ofΛ. Evaluation of the propagators is easier if the insertion is at z = 0, or we can just transform z → −1/z to move it from ∞ → 0, evaluate, then transform back. We then find
whereΛ 0 is the zero-mode of Λ(z), which must be integrated over, or
where the first δ comes from integrating overΛ 0 . (The analog for ordinary strings is the usual overall momentum conservation δ.) Both generalize in an obvious way for more insertions: In the former case δ(Λ ′ ) is exponentiated withΛ 2 , adding a
2 to the δ's because of the derivative; in the latter case δ(Λ ′ ) directly gives a δ z i
−2Λ
i from differentiating the argument of the second δ. The result for multiple insertions is thus written as either
To compare with the form of amplitudes obtained by spinor helicity or spacecone methods, one uses the mixed representationφ(λ,λ) in terms of
(There are also the fermions, which may be mixed or not, depending on one's preference for chiral, antichiral, or twisted chiral superfields.)
ADHM twistor superstring
ADHM twistors can also be derived by covariantly solving for the vanishing of the square of a vector. In this case, it is a 6-vector representing 4D spacetime on the projective lightcone: Starting with the vector representation y of SO (4,2), we impose the invariant constraint y 2 = 0, and identify y's that differ only by a scale. If we solve these conditions in the usual lightcone way, we end up with the usual 4 x's, as
On the other hand, we can find a spinor solution if we again write the vector in spinor notation: As an antisymmetric tensor of SU(2,2),
where α ′ is a new SU(2) index, or SL(2,C) index (contracted with the antisymmetric metric). The new SU(2) symmetry (which makes U(2) if we include the original scale invariance on y), as opposed to the U(1) of Penrose twistors, corresponds to the fact that the little group off-shell is SU (2) . Thus the quaternionic projective space HP(1) describes the usual 4D spacetime, whereas the complex projective space CP(3) describes 3D on-shell momentum space.
As for Penrose twistors, ADHM twistors can also be derived directly as representations of the conformal group, in this case as coset representations. The basic idea is to to write U(2,2|N) as a square matrix, mod out by two diagonal subgroups, in this case U(1,1) and U (1,1|N) , and pick one of the rectangular off-diagonal blocks as creation operators, the twistor. (It is actually a complex construction, so one uses GL(4|N), with subgroups GL (2) and GL(2|N), and then Wick rotates.) In analogy to the Penrose case, we have a canonically conjugateΛ α ′ A ,
but complex conjugation is funny in Minkowski space (but simple for other signatures). So the superconformal generators are
excluding the U(1), which we include in the U (2) constraint
The usual way to reproduce x from this twistor is to factor out the U(2) as
or choose the U(2) gauge
leaving the coordinates of chiral superspace. But we can also obtain antichiral superspace by a different factoring/gauge choice:
Alternatively, we can consider the SU (2) invariant, but constrained generalization of the projective lightcone coordinates as above
where A is now the full U(2,2|N) index. In either interpretation, the ADHM twistor contains the complete 4 x's.
Selfdual theories can easily be formulated (at least at the level of equations of motion) in ADHM twistor superspace. In particular, the ADHM construction for general instanton solutions can be generalized to supersymmetry just by naively extending the A index from bosonic to super. (Also, in the 't Hooft parametrization for a single instanton, the SU(2) index α ′ can be identified with the Yang-Mills SU (2) index.) For example, a Yang-Mills connection for the Λ derivative ∂ α ′ A can be introduced, and the selfduality condition can be expressed as
where C α ′ β ′ is the SU (2) antisymmetric metric and F AB is the selfdual superfield strength.
Also, the super Klein-Gordon equation is
On fixing the U(2) gauge, these reduce to the usual , ∂ /d, and dd equations, in terms of the spinor derivative d, which is just ∂/∂θ in the chiral representation. These constraints are reducible: One need solve only the and half of the ∂ /d.
This suggests a simple generalization of the Penrose-twistor superstring to an ADHM-twistor superstring: The action is
where now ∇ is covariantized with respect to just the worldsheet metric, we have written the combined U(2) connection explicitly as g α ′ β ′ (but it could be included in the covariant derivative), and the Lagrange multiplier g AB (which is not a U(1) singlet because it multipliesΛ 2 , and not ΛΛ like the other terms) enforces the generalized Klein-Gordon equation, which was absent in the Penrose case because it was already "on-shell". In particular, this action includes the usual p 2 term.
We can put this string on shell by solving theΛ 2 constraint as
in obvious analogy to the Penrose solution in ordinary x space, and then using some of the SU(2) to pick the gaugeΛ
Equivalently, we solve the constraint forΛ − ′ A in terms ofΛ + ′ A as
and use part of the SL(2) to fix the proportionality constant to 0. As usual, solving a constraint for a variable allows gauge fixing for the conjugate variable:
upon which this action reduces directly to the Berkovits one. This reduction is analogous to the reduction of the N=4 worldsheet-supersymmetric string to the N=2:
There also reducible constraints are solved to replace a local worldsheet SU(2) (but not U (2)) to a U(1), with irreducible constraints and a lightcone-like formalism.
QCD-like superstrings
The explicit expression of a string as a bound state of an underlying particle theory is achieved by random lattice first-quantization of the worldsheet: The worldsheet we are led in the continuum limit to a string action with a "second metric": In firstorder form, the X part of the action (responsible for the propagator, or at least its denominator) becomes
There is a separate τ ++ and τ −− corresponding to the separate propagators leaving a vertex. (Consider, e.g., a regular square lattice.) Since τ must be diagonal (it gives propagators as squares of P 's), it must appear with this 2D
Lorentz structure. The geometric interpretation is that each vertex is 4-point, with propagators in worldsheet-lightlike directions: For the bosonic string this leads to 4D wrong-sign φ 4 theory, which is asymptotically free. We have written the second metric τ explicitly, while the usual metric appears in the covariant derivative ∇ and the other terms in the action.
Among the twistor superstring's pecularities, there are three that stand out: (1) It describes particles, not strings (no excited states). (2) Also, it carries only one type of derivative; in the conformal gauge, only ∂/∂z and not ∂/∂z. (3) Furthermore, it has no α ′ , since it is scale invariant. All these suggest that it is a tensionless limit α ′ → ∞ of a (somewhat) more conventional string. But it must be an unusual tensionless limit, sincez = σ − is a lightlike coordinate: In the usual string, in firstorder form, we take this limit by first rescaling the zweibein (and √ −g) and the P 's to obtain
Taking the α ′ → ∞ limit then yields a δ function in P 1 , leaving
describing disjoint particles. (Alternatively, we could write it in second-order form, and see the term α ′−2 (∇ 1 X) 2 vanish.) In a Hamiltonian analysis, the X ′ ·P constraint remains, but P 2 +α ′−2 X ′2 → P 2 , so there is no "harmonic oscillator potential" joining neighboring pieces of the string. But there is no way to obtain a residual lightlike derivative: P + and P − appear only in the combination P + · P − .
On the other hand, in the QCD-like string it is P + and P − that appear as squares, so we can rescale
and taking the tensionless limit
(Actually this string is conformally invariant, at least classically, so there is no physical α ′ , and this parameter merely defines the limit. However, confinement is expected to generate vacuum values for the τ 's, giving a physical α ′ .)
A more geometric interpretation of the tensionless limit that relates directly to the random lattice is that this limit is the free limit of the parton theory. This corresponds to the limit where the worldsheet cosmological constant goes to infinity, inducing a factor δ( √ −g). In other words, the worldsheet area goes to 0, so it becomes a line (or lines). That makes the worldsheet metric degenerate: For the usual string, we set e 1 m → 0, killing the ∇ 1 term (and making P 1 trivial), while for the QCD-like string we set e + m → 0, killing the ∇ + term.
This analysis immediately allows us to derive the ADHM twistor superstring as a tensionless limit from a QCD-like superstring: The action is
where L Y M also includes ± terms. There is an overall 1/α ′ , which can be scaled into the "+" terms to eliminate them in the tensionless limit. On the other hand, if we quantize this action on a random lattice, we obtain partons described by the 1D (worldline) analog of this action, and also allows a Penrose twistor description by solving constraints, which should describe N=4 super Yang-Mills alone, in a way very similar to Berkovits' action.
Conclusions
We have introduced two new actions related to the twistor superstring: (1) One describes a QCD-like superstring, whose partons are themselves N=4 super YangMills. (2) The other describes the tensionless limit of this QCD-like superstring. The tensionless limit essentially decouples a parton from the string, so this describes N=4 super Yang-Mills alone.
By solving constraints, the latter action becomes Berkovits' action. However, in contrast to Berkovits' (or Witten's) action, which contains only 3 on-shell components of external momenta (in the form of a twistor), both our actions include all 4 components of x and p. They use ADHM twistors instead of Penrose twistors (on HP(1|2) instead of CP(3|4)), which are general enough to go off shell, and also describe nonperturbative effects such as instantons. But they are still twistors in the sense that they transform in the defining representation of the N=4 superconformal group SU(2,2|4) (before gauge fixing the isotropy group U(2)). As a result, they retain the worldsheet U(1) instantons necessary for the helicity expansion about the selfdual theory.
We have only shown the basic relations between the actions. Many features remain to be made explicit: (1) The ADHM action should allow the derivation of Feynman rules in ordinary momentum space, thus allowing a proof of equivalence to the twistor rules of Roiban, Spradlin, and Volovich. This would be an alternative stringy way to derive Yang-Mills S-matrices. (2) The possibility of loops in twistor language can be investigated. (3) A more natural way of incorporating instantons into perturbation theory might be found. (4) First-quantization of the QCD-like superstring can be examined. (5) The ADHM twistor actions contain reducible firstclass constraints, but avoid the usual second-class constraints of covariant spacetimesupersymmetric actions. This might make conventional quantization easier.
